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P (V = O,S = Q/λ) = P (V = O/S = Q,λ)P (S = Q/λ)
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P (V = O/S = Q,λ) =
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t=1
P (Vt = ot/St = qt, λ)
P (S = Q/λ) = P (S1 = q1/λ)
T−1∏
t=1
P (St+1 = qt+1/St = qt, λ)
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∑
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α1(i) = P (V1 = o1, S1 = si/λ)
αt(i) = P (V1 = o1, . . . , Vt = ot, St = si/λ)
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P (V = O,St = si/λ) = αt(i)βt(i)
=
α˜t(i)β˜t(i)
P (V = O/λ)
   "
P (V = O,St = si, St+1 = sj/λ) = αt(i)ai,jbj(ot+1)βt+1(j)
=
α˜t(i)ai,jbj(ot+1)β˜t+1(j)
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Q∗ = arg max
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P (V = O,S = Q/λ)
+,










{P (S1 = q1, . . . , St−1 = qt−1, St = si, V1 = o1, . . . , Vt = ot/λ)}
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3 i [ 1 ! N >	
δ1(i) = πibi(o1)
>	 3
3 t [ 2 ! T >	
3 j [ 1 ! N >	





{δt−1(i)aij} bj(ot) = δt−1(ψt(j))aψt(j),jbj(ot)
>	 3
>	 3
q∗T = arg max
1≤i≤N
{δT (i)}
P (V = O,S = Q∗) = max
1≤i≤N
{δT (i)} = δT (q∗T )
3 t [ T − 1 ! 1 >	
q∗t = ψt+1(q∗t+1)
>	 3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3 i [ 1 ! N >	
δ˜1(i) = lnπi + ln bi(o1)
>	 3
3 t [ 2 ! T >	
3 j [ 1 ! N >	
ψ˜t(j) = arg max
1≤i≤N
{





δ˜t−1(i) + ln aij
}
+ ln bj(ot) = δ˜t−1(ψ˜t(j)) + ln aψ˜t(j),j + ln bj(ot)
>	 3
>	 3










= δ˜T (q∗T )
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∀ i = 1..N, xi = 0
∀ i = 1..N, j = 1..N, yi,j = 0
∀ i = 1..N, j = 1..M, zi,j = 0
3 k [ 1 ! K >	
	 xqk1
3 t [ 1 ! T k >	
	 yqkt ,okt





∀ i = 1..N, πi = xiNP
r=1
xr
∀ i = 1..N, j = 1..N, ai,j = yi,jNP
r=1
yi,r
∀ i = 1..N, j = 1..M, bi(j) = zi,jMP
r=1
zi,r
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∀ i = 1..N, xi = 0
∀ i = 1..N, j = 1..N, yi,j = 0
∀ i = 1..N, j = 1..M, zi,j = 0
3 k [ 1 ! K >	
	 xqk1
3 t [ 1 ! T k >	
	 yqkt ,okt
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 Γx(m,m′)  2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P (Y = y/X = x,M = m′) lnP (X = x, Y = y/M = m)
= Ey∈Y
[
lnP (X = x, Y = y/M = m)/X = x,M = m′
]
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P (X = x/M = mt+1) > P (X = x/M = mt)
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P (S = Q/V = O,λ′) lnP (V = O,S = Q/λ)
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πi = P (S1 = si/O, λ′)
ai,j =
∑T−1
t=1 P (St = si, St+1 = sj/V = O,λ
′)∑T−1
t=1 P (St = si/V = O,λ′)
bi(j) =
∑T
t=1 P (St = si/V = O,λ
′)δ(ot = j)∑T
t=1 P (St = si/V = O,λ′)
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t← t + 1
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∀ 1 ≤ i, j ≤ N, ai,j = exp(xi,j)N∑
k=1
exp(xi,k)
∀ 1 ≤ i ≤ N, 1 ≤ j ≤M, bi(j) = exp(yi,j)M∑
k=1
exp(yi,k)
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P (V = O/µ)
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βt(i)αt(i)(κ(ot = j) − bi(j))
∂P (V = O/λ)
∂zi
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P (V = O/λ)





β˜t(i)α˜t(i)(κ(ot = j)− bi(j))
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P (V = O/λ)
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  ΩK % 1 +%	 	
 R · 1K 	+717
  rK(x)
 +
   +
	
 (x + R · 1K) ∩ ΩK 
 %%
 
   
 &
R rK ◦ rK = rK
R %  x ∈ ΩK C rK(x) = x
R %  (x, y) ∈ (RK)2C rK(rK(x) + rK(y)) = rK(x + y)
R %  x ∈ RK C c ∈ RC rK(c · x) = rK(c · rK(x))
R %  x ∈ RK C c ≥ 0C rK(c · x) = c · rK(x)
R %  x ∈ RK C c ∈ RC rK(x + c · 1K) = rK(x)
R %  x ∈ RK C rK(−x) = rK(−rK(x))
< 
  $ % A
 
 &
R ⊕K : ΩK ×ΩK → ΩK  C %  (x, y) ∈ (ΩK)2C x⊕K y = y ⊕K x = rK(x + y)
R K : R× ΩK → ΩK  C %  x ∈ ΩK  c ∈ RC cK x = xK c = rK(c · x)
 %%
 
   
 %  (x, y, z) ∈ (ΩK)3  (a, b) ∈ R2 &
R aK (x⊕K y) = (aK x)⊕K (aK y)
R (a + b)K x = (aK x)⊕K (bK x)
R aK (bK x) = (a ·K b)K x
R (x⊕K y)⊕K z = x⊕K (y ⊕K z)
R 1K x = x
+*  	 %%
   (ΩK ,⊕K ,K)   %	 	
 < 

K : ΩK × ΩK → ΩK  C %  (x, y) ∈ (ΩK)2C
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  :    G∗K  
  ΩK  	
% % &
R ψK : G∗K → ΩK   %  x ∈ G∗K C ψK(x)i = lnxi −maxj=1..K lnxj














R %  x ∈ G∗K C φK(ψK(x)) = x
R %  x ∈ ΩK  c ∈ RC φK(x + c · 1K) = φK(x)
+%	 (ΩK ,⊕K ,K) % L 
%  $  &
R ||x||2 








 %  x ∈ ΩK % ||x|| = maxi=1..K |xi|
! $  
C %  x ∈ ΩK  c ∈ RC  %%
 ||c · x|| = |c| · ||x||
%  		    	  +%	
< 
 Ω = ΩN × (ΩN )N × (ΩM )N  Λ∗ = GN × (GN )N × (GM )N  > ,
 
% ⊕K C K C K C ψK C φK $ %
 	








R ψ(Λ∗) = Ω
R φ(Ω) = Λ∗
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'  (x, y) ∈ (G∗K)2C  
 (x′, y′) ∈ (ΩK)2   x′ = ψ(x)  y′ = ψ(y) '




R x y = φ(ψ(x)⊕ ψ(y))
R c x = φ(c ψ(y))
R φ(x′ ⊕ y′) = φ(x′) φ(y′)
R φ(c  x′) = c φ(x′)
! %%
    	 	
 
  ΩK  G∗K  
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 Λ∗ = G∗N × (G∗N )N × (G∗M )N 
(Λ∗,,) 
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 ||ψK(c x)||2 = ||c ψK(x)||2 = |c| · ||ψK(x)||2  

R ||x|| =
∣∣∣ln mini=1..K ximaxi=1..K xi
∣∣∣ <    ||x|| = ||ψK(x)||
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R ||x||ΩK 
 %  x ∈ Λ∗ % ||x|| = ||ψ(x)||2
R ||x|| 
 %    Λ∗ %  $







 5	 	    		
   		
  %	  		C   

,  * Λ 
Λ∗ !%C   %
C  

















  # %%	
	
C    %C 	
 1 







 %	 (Λ∗,,)  (Ω,⊕,)  
C   

  : 
+  :N 
    $
< % ,  C  + %%
,     		
+ %  ? %
	
 
  C  ! 
 1  ! λ1 +*

    ' 	C 
 +$




+%	  		 %  * A





  ?   % 
 !  %
 %  
 +%	 

 !%C 	 %%	  * % 
  

 1  	
	
M  + % 

   




  +%	  
 	





  %	  		   ,
 +%7
%
,  ! $
 	
 $ 	%
      	   +,

   % 












  	 % +%%












,  ! % %%
$ %	  		
2,




678	  6  >,C  4."
:
   9*
C  44"
 =	  C  44"
 3C 55)"




  'C  4-"    2 2
C  44."










 1 *  %%














 9  G D
C
55"




C  2;C    	





 ;<='  	: 	










  ! A   L * + 		  +,
 + $
C
	  ( $ % *

 1 +,





 +%  





 1  %%
 % +,
 2;C 
   
C   % )  '





























C  2'C    	




,  !   * % M 	  	C
555" S 	%C 
 +  
  %  ($   
%    +
%	
%	
  %    M  	 		 1 %
 	 %*C 
 %
  	
   	  
 *C   	  !
' 
C  %%  %  +,




&  * +

  +,
 !  	%  * 

  




&  * +

  +,
  $ %	  













 %  
  	
R Ai  A

i &  %






















































































   %%
 Pt+1
t = t + 1
*  t < T
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xi(0) = U(ψ(Λ))
vi(0) = U(ψ(Λ))
x+i (0) = xi(0)
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3 t [ 1 ! T

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 i [ 1 ! N >	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

′ = i(t− 1)⊕ 
i(t− 1)
i(t) = ψ(BW (φ(′)))
vi(t) = i(t) i(t− 1)
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	 j = arg max
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P (V = O|φ(+k (t)))
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
vi(t) = ω  vi(t− 1)
⊕ [c1 · U([0, 1])]  (+i (t) i(t))
⊕ [c2 · U([0, 1])]  (ˆi(t) i(t))
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P (V = O/I = J, λ) = P (V = O/I = J)
+Y
P (V = O, I = J, S = Q/λ) = P (V = O/I = J)P (I = J/S = Q,λ)P (S = Q/λ)
 %C
P (V = O/I = J) =
T∏
t=1
P (Vt = ot/It = jt)
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P (It = vj , St = si/V = O,λ′)
T∑
t=1
P (St = si/V = O,λ′)
 5
 
  	  
        
 
+,
  678	   % +,
 -- = 	%$
  O(NM2 +
N2T + NMT )
2,
 --& 2,
  678	 !==
!







t← t + 1
!	  
*     %   λt−1
!	 Π  λt
!	 A  λt
!	 B  λt
*   P (V = O/λt) > P (V = O/λt−1)"   t < t"
+ 








L * %  ,











	 7	  	: 
   	
 - "





   	






 	  ,
   %**

 P (V = O/λ)  	 	7

C   %%  ,







 *  %%
  
	,C    :	
 &





P (V = O/µ)
∂P (V = O/λ)
∂λ
(µ)
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3 j [ 1 ! N >	
3 k [ 1 ! M >	
gj(k) = maxMv=1 bj(v)cv(k)
hj(k) = argmaxMv=1 bj(v)cv(k)
>	 3
>	 3
3 i [ 1 ! N >	
δ1(i) = πigi(o1)
>	 3
3 t [ 2 ! T >	









P (V = O, I = J∗, S = Q∗/λ) = max
1≤i≤N
{δT (i)}
q∗T = arg max1≤i≤N
{δT (i)}
3 t [ T − 1 ! 1 >	
q∗t = ψt+1(q∗t+1)
>	 3
3 t [ 1 ! T >	
j∗t = hq∗t (ot)
>	 3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3 j [ 1 ! N >	
3 k [ 1 ! M >	
gj(k) = maxMv=1 bj(v)cv(k)
hj(k) = argmaxMv=1 bj(v)cv(k)
>	 3
>	 3
3 i [ 1 ! N >	
δ˜1(i) = lnπi + ln gi(o1)
>	 3
3 t [ 2 ! T >	




δ˜t−1(i) + ln aij
}
+ ln gj(ot)
ψ˜t(j) = arg max
1≤i≤N
{














3 t [ T − 1 ! 1 >	
q∗t = ψ˜t+1(q∗t+1)
>	 3
3 t [ 1 ! T >	
j∗t = hq∗t (ot)
>	 3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R f0(v, k) =
{
1 











R f1(v, k) = max(−|v − k|+ 12.5, 0)
R f2(v, k) = max(−|v − k|+ 12.5, 0.01)
R f3(v, k) = max(− ln |v−k|4 , 0)
R f4(v, k) = max(− ln |v−k|16 , 0)
R f5(v, k) = max(− ln |v−k|16 , 0.01)
R f6(v, k) =
{
1 
 k ∈ [v − 1; v + 1]
0 

R f7(v, k) =
{√
25− (v − k)2 
 25 − (v − k)2 ≥ 0
0 

R f8(v, k) =
{
1 
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a σ(a) b σ(b) Top10 Top20
f0 0.000 0.000 0.900 0.000 1.000 1.000
f1 0.177 0.219 0.195 0.259 3.667 4.867
f2 0.128 0.150 0.000 0.000 4.083 5.500
f3 0.174 0.214 0.231 0.270 3.683 4.817
f4 0.156 0.193 0.261 0.259 3.800 4.783
f5 0.129 0.153 0.000 0.000 4.450 5.650
f6 0.181 0.239 0.731 0.193 1.433 1.783
f7 0.184 0.226 0.168 0.228 3.800 5.133
f8 0.158 0.187 0.000 0.000 3.750 5.650
f9 0.079 0.144 0.860 0.080 1.067 1.200
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R f0(v, k) =
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R f1(v, k) = max(−|v − k|+ 12.5, 0)
R f2(v, k) = max(−|v − k|+ 12.5, 0.01)
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x=Niveau de gris (codage [0:127])
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∀ x ∈ G, w(x, x) = 0
∀ (x, y) ∈ G2, w(x, y) = w(y, x)
∀ (x, y) ∈ G2, w(x, y) ≥ 0
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 < ·|· >: E×E → R %  
 q(x) =< x|x >
 	% (E , q)  %%  %	 






< x|y >= q(x + y)− q(x)− q(y)
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=
 Ker(q) = {x ∈ E/∀ y ∈ E , < x|y >= 0}  A  q  :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 q  
 %

 %% q(x) > 0 %  x 	= 0
2 	 %	 
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
(E , q) % L 	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x = x+ + x− + x0 	 x+ ∈ E+C x− ∈ E−  x0 ∈ E0 <  q(x) = q+(x+) − q−(x−) =

|| · ||+  || · ||−   	

 	
 $ %	 (E+, q+)  (E−, q−) =
 (·|·)+
 (·|·)−  %
 	
 	
 1 	  < C %  (x, y) ∈ E2 &
q(x) =< x|x >= ||x+||2+ − ||x−||2−
< x|y >= (x+|y+)+ − (x−|y−)−
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Ii,∗AI∗,j = ai,j
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 (ψ, r, q)
F q   * ))  Rr  ψ : E → Rr   *  ) 4
; / +  /'   ψ(E) + z ,z ∈ Rr-  Rr
; w(x, y) = q(ψ(x) − ψ(y))
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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  q   :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=
 E = {x0, x1, . . . , xT }  7* 
  T+1   G =
 c   
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 w = %  ,
C
 	
 c = x0 =
 ψ : E → RT  :	
 
 % ψ(x0) = 0  ψ(xk) = I∗,k %
 k = 1..T  =
 M(w, c) = (mi,j)1≤i,j≤T  
	 	  

 T × T  
%  0 ≤ i, j ≤ T C
mi,j =
w(c, xi) + w(c, xj)− w(xi, xj)
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< I∗,i|I∗,j >= mi,j
q(I∗,i) = w(c, xi)
q(I∗,i − I∗,j) = q(I∗,i) + q(I∗,j)− 2 < I∗,i|I∗,j >
+Y q(ψ(xi) − ψ(xj)) = w(xi, xj)C 	 
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	  %
 x∗i  < 
mi,j =< I∗,i|I∗,j >∗=< I∗,µ(i) − I∗,µ(0)|I∗,µ(j) − I∗,µ(0) >∗
	 I∗,0  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* {I∗,µ(i) − I∗,µ(0), 1 ≤ i ≤ T}
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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 ψc(c) = 0 M    
	  ;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	 
, X = [ψc(x1), . . . , ψc(xT )] %%
mi,j = ψc(xi)′ψc(xj) = (ψc(xi)|ψc(xj)) ' 

C X   , p  :	
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w(xi, xj) = q0(ψc(xi)− ψc(xj)) = ||ψc(xi)− ψc(xj)||2
*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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 p × T  n × T

 %
∆+ = [D+ 0[p×(T−p)]]
∆− = [0[n×p] D− 0[n×(T−n−p)]]
	 0[a×b]  
	   








∆′Σ(p, n)∆ = 











= ∆V ′  
	 M 
 M = X ′Σ(p, n)X  !

	 % L 7	
 1 +
  $ 	% & + I %

 JC + I ,
 JC
  &
M = M+ + M−
M+ = (X+)′X+
M− = −(X−)′X−
<   M+ −M− = X ′X C M+M− = M−M+ = 0  X ′XVi = |λi|Vi
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6   4
; r = r∗ = rang(G) = rang(G∗)
; qn  q
∗




  τ1  τ2  R
r
   A  / ))
(Rr, q)  ) ψ∗ = (τ1 ◦A ◦ τ1) ◦ ψ
> 	
 (  
 %	C  
	 M  	%  
: M = X ′Σ(p, n)X  =
 X ∗ = [ψ∗(x1), . . . ψ∗(xT )]  
	 	
 1 ψ∗ ' 		7

C   X ∗′Σ(p, n)X ∗ = M  > %%





	 	  

 r × r   A′Σ(p, n)A = Σ(p, n) +Y X ∗ = AX  < 

X ∗+ = AX+  X ∗− = AX− <  M∗ = M∗+ + M∗− 	 M∗+ = X ∗+′Σ(p, n)X ∗+ = M+
 M∗− = X ∗−′Σ(p, n)X ∗− = M− 	  	%

  M  	, % 	  %7
,
 $  , 	
 1  
	  X ∗X ∗′ = AXXA′   % U∗i =
AUi = AI∗,i  * U∗ = AU   % %%  % %
 	

< ·|· >n %%
< U∗i |U∗j >n=
{
signe(λi) 
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w(1)γe (x, y) = MRE(µx,γe(x), µy,γe(y))
w(2)γe (x, y) = MRE(ρx,γe(x), ρy,γe(y))
w(1)γ∞(x, y) = MRE(µx,γ∞(x), µy,γ∞(y))
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%	 (M = ∅)  (f(s∗) < f(s)) .
s∗ = s
>	 %	
M = M∪ {s}
e(s) = 0
echec = V rai
%	
%	 echec .
%	 f(s) > f(last) .
M = M−{last}
M = M∪ {s}
e(s) = 0
echec = Faux




echec = V rai
e(last) = e(last) + 1
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 Γ(λ, λ′) 	 λ = (A,B,Π)     λ′  




P (S = Q/V = O,λ′) lnP (V = O,S = Q/λ)
=	 



































P (S = Q/V = O,λ′)
= ΓπO(λ, λ
′) + ΓAO(λ, λ
′) + ΓBO(λ, λ
′)
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 γ = −1  	  6
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ln aijP (St = si, St+1 = sj/V = O,λ′)
	  %
 :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 % ai,j     j  %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P (St = si, St+1 = sj/V = O,λ′)
T−1∑
t=1




















































































 δ(p)  1 
  %
	 p  
  0 
 <   ∑M
j=1 δ(ot = j) = 1C 	     A* ot %  
 1  % 
2  
%
 % bi(j)  %
 













P (St = si/V = O,λ′)δ(ot = j)
T∑
t=1












P (St = si, St+1 = sj/V = O,λ′)
T−1∑
t=1




P (St = si/V = O,λ′)δ(ot = j)
T∑
t=1
P (St = si/V = O,λ′)
 4.
 
)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	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	
  	
=
 L(λ) = lnP (V = O/λ) $

  





   
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P (V = O/µ)
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  P (V = O/λ) % %7
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<  κ(cond) = 1 
 cond  
  κ(cond) = 0 




= ai,l(κ(l = j)− ai,j)
∂bi(m)
∂yi,j
= bi(m)(κ(m = j)− bi(j))
∂πl
∂zi
= πl(κ(i = l)− πi)
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 t > 1
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 t = 1
αt−1(i)bl(ot) 
 t > 1

























































































κ(o1 = m)πi 

















 t > 1
⎫⎬
⎭ = κ(ot = m)αt(i)
+Y











βt(i)αt(i)(κ(ot = j)− bi(j))
 4
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%  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πlbl(o1)β1(l)(κ(i = l)− πi)


















βt(i)αt(i)(κ(ot = j) − bi(j))
∂P (V = O/λ)
∂zi
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// M(ai) &  
   :
 ai
// s∗(ai) &  
 







M(ai) =  %  i = 1..M
3 t [   ! T

>	
3 i [   ! N >	
>$	 +,
 !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 ai
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// M &  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   

// last &  
 
 $%
// e(s) &  * +		 
   +$%
   
 s
// echec & 7	   
 $%
   		 @
// s∗ &  
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